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Abstract

In this article, the stabilization problem of a loaded double inverted pendulum using an optimized state feedback
sliding mode controller is investigated. ADAMS/Matlab co-simulation environment is used for building a virtual
nonlinear model for a loaded double inverted pendulum system and a state feedback sliding mode control law is
designed for stabilizing the system. The proposed procedures introduce a methodology for designing an optimized
state feedback sliding mode controller for unperturbed andperturbed systems. Moreover, the invariance condition is
discussed followed by controller design for matched and mismatched uncertainties. Genetic Algorithms are used to
optimize the parameters of the sliding mode controller based on a performance index containing the sum of squared
errors. The proposed control scheme can significantly suppress chattering effect and improves the performance of
the system against uncertainties. Simulation results showthe effectiveness of the approach and the robustness of the
system against payload changes.

Keywords: Sliding Mode Controller, Optimization, Matched/Mismatched uncertainties, Invariance Condition,
Loaded Double Inverted Pendulum, Co-Simulation, ADAMS/MATLAB co-simulation.

1. Introduction

Inverted pendulum (IP) system is a benchmark con-
trol problem for stability and robustness studies. It is a
naturally unstable and under-actuated system. The con-
trol of IP is challenging; it can be divided into three
aspects, swing-up (1; 2), stabilization (3; 4) and track-
ing control problems (5). On the other hand, controlling
a double inverted pendulum (DIP) is more challenging
than the common inverted pendulum as increasing the
number of links does increase the complexity and un-
certainty of the system. Stabilization of a loaded dou-
ble inverted pendulum (LDIP) is the scope of this work.
Several Stabilization control problems can be simplified
as an inverted pendulum stabilization problem. For in-
stance, to maintain a Humanoid (6; 7) in an upright pos-
ture under large disturbance, to keep a space shuttle bal-
anced during launching, and stabilization of a segway
vehicle during its motion (8; 9).

A stabilization fuzzy control based on fusion function
has been presented in (10) for stabilizing a DIP. Simula-
tion results showed that the proposed scheme can stabi-
lize the system in a relatively short time. However, the
approach did not consider the robustness issue in the de-

sign. A comparative study between LQR and Adaptive-
Neuro Fuzzy inference system (ANFIS) has been pro-
posed in (11). The ANFIS based controller succeeded to
stabilize the system for a wide range of initial conditions
in comparison with the LQR one. However, the perfor-
mance of both controllers did not provide satisfactory
results in terms of settling time, overshoots and con-
trol effort. A hierarchical sliding mode controller for a
DIP system has been introduced in (12). A sliding mode
controller (SMC) has been designed and stability analy-
sis has been investigated at certain initial states without
considering uncertainties. A sophisticated self-tuning
Neuro-PID controller was proposed in (13), which kept
the angular positions of its links at small values. How-
ever a hunting motion was observed on the cart.

In general, the SMC law provides an effective and ro-
bust way of controlling nonlinear systems. It has a good
dynamic performance with uncertainties, if the con-
trolled system satisfies the invariance condition. There-
for, the system behavior is independent of the uncertain-
ties and disturbances. This identical to one of two major
problems in designing SMC:

1. ensuring the existence of matching condition.
2. ensuring no chattering behavior.
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The first condition guarantees the controller robustness
while the second condition suppresses the chattering
assists in protecting the mechanical components such
as actuators from damage due to the high frequency
components and prevents exciting non-modeled dynam-
ics. To verify the presented approaches, ADAMS (Au-
tomatic Dynamic Analysis of Mechanical Systems) is
employed. The design tool provided by ADAMS used
to build a virtual LDIP model. The main contribution
of this work is the augmentation between optimization
search techniques (GAs) with a well-known approaches
in designing state feedback SMC for stabilizing LDIP.
These approaches are: Ackermann and Utkin for con-
trolling unperturbed system and perturbed system with
matched uncertainties (14; 15) and Shyu method for
controlling the perturbed system with mismatched un-
certainties (16). The validity of both control techniques
is proofed via ADAMS/Matlab co-simulation environ-
ment. The presented control methodologies deals with
the invariance condition and eliminates the chattering
effect.

This paper organized as follow: Section II briefly in-
troduces the system mathematical model. In Section
III, the sliding mode controller is presented for unper-
turbed/perturbed systems and the invariance condition is
discussed. The optimization of sliding mode controller
parameters based on GAs are explained in Section IV. In
Section V, simulation results based on ADAMS/Matlab
co-simulation are presented and analyzed. Finally, Sec-
tion VI draws the conclusion.

2. Mathematical model

The LDIP system is graphically shown in Fig.1. The
model of LDIP consists of a cart which moves horizon-
tally, two arms with uniform mass distribution over the
whole arm length and a payload which has a significant
inertia, that is attached to the second link. The mathe-
matical model can be obtained according to the princi-
ples of dynamics and kinematics. The derivation of the
equations of dynamic model is carried out using Euler
Lagrange equation. This results in the nonlinear repre-
sentation of the system (17).

d
dt
∂L
∂ẋ
−
∂L
∂x
+
∂P
∂x
+
∂S
∂ẋ
= F (1)

where, L is the Kinetic energy,P is the potential en-
ergy,S is the energy losses.x represent the variables of
the generalized coordinates (z, θ, φ). While F is a vec-
tor of forces or moments acting in the direction of the
generalized coordinates. After calculations of the terms

Figure 1: Schematic configuration of a loaded double inverted
pendulum

of kinetic and potential energy of the system parts, en-
ergy losses and the forces applied to the system, equa-
tion (1) is built. The dynamics of the considered system
are given as:

d1z̈ + d4(cos θ)θ̈ + d5(cos φ)φ̈ + c1ż −

d4(sin θ)θ̇2 − d5(sin φ)φ̇2 = f (2)

d4(cos θ)z̈ + d2θ̈ + d6(cos(θ − φ))φ̈ +

d6(sin(θ − φ))φ̇2
− d4g(sinθ) = 0 (3)

d5(cos φ)z̈ + d6(cos(θ − φ))θ̈ + d3φ̈ −

d6(sin(θ − φ))θ̇
2
− d5g(sinφ) = 0 (4)

The nonlinear representation of the system can be
rewritten into a much more compact form:

N(q)q̈ + H(q, q̇)q̇ + g(q) = F (5)

where,N(q) is the inertia tensor:

N(q) =





















d1 d4(cosθ) d5(cosφ)
d4(cosθ) d2 d6(cos(θ − φ))
d5(cosφ) d6(cos(θ − φ)) d3





















,

and,q̈ is the acceleration vector [¨z θ̈ φ̈],

H(q, q̇) is the Coriolis matrix :

H(q, q̇) =





















c1 −d4(sinθ)θ̇ −d5(sinφ)φ̇
0 0 d6(sin(θ − φ))φ̇
0 −d6(sin(θ − φ))θ̇ 0





















,

and,g includes gravity terms:

g = [0 − d4gsinθ − d5gsinφ)]T ,

where,F the vector of forces:

F = [ f 0 0]T ,

The values ofd1, d2,· · · , d6 are given as follows:
d1 = M + m1 + m2 + m3
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d2 = J1 + m1l21 + m2L2 + m3L2

d3 = J2 + m2l22 + J3+ m3L2
0

d4 = m1l1 + m2L + m3L
d5 = m2l2 + m3L0

d6 = m2Ll2 + m3LL0

The state variables are given by:

ẋ = [z, θ, φ, ż, θ̇, φ̇]T ,

where,z, ż are the cart position and velocity respectively
θ, θ̇ are first link angular position and angular velocity
respectively andφ, φ̇ are the second link angular posi-
tion and angular velocity respectively. The description
of the system parameters are given in Table.1(11). The

Table 1: Double Inverted Pendulum Model Parameters

Symbol Description

m1 Mass of the first link assembly (0.205kg)
m2 Mass of the second link assembly

(0.178kg)
m3 Mass of the payload (0.432kg)
M Mass of the cart assembly (1.67kg)
l1 Length from the first joint to the center of

mass of the first link (0.180m)
l2 Length from the second joint to the center

of mass of the second link (0.185m)
L length of the first link (0.36m)
L0 length of the second link(0.37m)
J1 Mass moment of inertia of the first link

around its center of gravity(0.0041kg.m2)
J2 Mass moment of inertia of the second link

around its center of gravity (0.0024kg.m2)
J3 Mass moment of inertia of the payload

around its center of gravity (0.00014kg.m2)
c1 Friction coefficient between the cart and

the linear guide (0.21N.sec/m)

nonlinear model equations are linearized at the equilib-
rium pointz, θ, φ ≈ 0,0,0. This linearization results in:

ẋ = Ax + Bu, y = Cx + Du, (6)

A =



















































0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 4.5381 −0.4210 −0.117 0 0
0 149.6361 −105.6702 −0.3643 0 0
0 −140.605 135.1784 0.0450 0 0



















































,

B =



















































0
0
0

0.5174
1.7706
−0.18546



















































, C =





















1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0





















,

D =





















0
0
0





















.

However, ADAMS facilitates obtaining both the lin-
ear and nonlinear model directly from the graphical
representation.

3. Sliding Mode Controller

3.1. State Feedback SMC: An overview
The design of SMC includes two parts:

1) selection of the plane in which the sliding motion is
stableS = CT x = 0 (CT is ann-dimensional constant
row vector. A proper choice of this vector, determines
the dynamic properties of the sliding plane). then,
2) designing the control law which enforces the sliding
mode in this sliding plane.
The sliding mode equation is of (n−1)th order and does
not rely on disturbance. If the invariance condition is
satisfied. The traditional method in designing sliding
mode controller is to derive the sliding function first and
thereafter, by conventional methods of the linear theory
the sliding control can be driven. The sliding mode con-
trol law basically consist of two parts:

u(t) = uc(t) + ueq(t), u(t) ∈ Rm (7)

whereuc(t) is the corrective control used to compen-
sate the deviations from the sliding plane.ueq(t) is the
equivalent control or the robust control which guaran-
tees that the derivatives of the sliding plane are equal to
zero to stay on the sliding surface. It can be obtained
from a conventional method of the linear system theory.
The conventional methods in the design of SMC is to
convert the system into the well-known canonical form.
The SMC canonical form consist of two blocks:

ẋ1 = A11x1 + A12x2 (8)

ẋ2 = A21x1 + A22x2 + B2u (9)

where,x1 ∈ R
n−m, x2 ∈ R

m anddet(B2) , 0. The non-
singular coordinate transformation:

[

x
y

]

= T x ,T =

[

In−m −B1B2
−1

0 B2
−1

]

(10)
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where,

B =

[

B1

B2

]

Ai j are constant matrices fori, j=1,2. If the pairs (A, B)
is controllable the pairs (A11, A12) is also controllable.
The (n − m) desired eigenvalues may be assigned by a
proper choice of the vectorCT (for single input system
m = 1).

x2 = CT x1, (11)

Sliding mode should be enforced in the manifold:

S = x2 +CT x1 = 0 (12)

Robustness of SMC which make the system insensitive
to disturbances requires the invariance condition to be
satisfied. The invariance condition defined by (18) as:
a disturbance can be rejected by a control law if and
only if the control subspace spans the disturbance sub-
space. A discontinuous control action can force the sys-
tem to move along the sliding surface such that its be-
havior is only determined by the sliding surface param-
eters and not influenced by uncertainties or disturbance.
This is the so-called completely robust feature of SMC,
for which it is assumed that the uncertainties and distur-
bance satisfy the matching condition. The disturbance
affecting the system motion in general whether matched
or mismatched are:
(a) the disturbance up to the beginning of the sliding
mode. This kind determines the initial conditions of the
sliding mode, and
(b) the disturbance after the sliding mode begins.
The trajectory of the sliding mode motion will depend
only on the value of disturbance up to the beginning
of the sliding mode via the initial conditions. The pre-
cursory part of the motion is abbreviated if the control
function properly chosen. Which means that the whole
system exhibits a low sensitivity to disturbance.

3.2. State Feedback SMC for Unperturbed Systems

Unlike the traditional method in designing SMC,
Ackermann and Utkin introduce a method to determine
the sliding plane parameters in an explicit form without
need to transform the system to the canonical form of
SMC. Similarly as a linear state-feedback scalar control
law can be found explicitly resulting in a system with
desired eigenvalues via Ackermann’s formula. This ap-
proach valid only if the invariance condition is satisfied
D ∈ span(B). The vectorCT may be found in an ex-
plicit form without the sliding motion equation.
For an arbitrary system:

ẋ = Ax + Bu (13)

u = −kT x, kT = eT P(A) (14)

eT = [0 · · · 01][b Ab · · · An−1b]
−1

(15)

CT = eT P1(λ) (16)

with,

P1(λ) = (λ − λ1)(λ − λ2) · · · (λ − λn−1)

= P1 + P2λ + · · · + Pn−1λ
n−2 + λn−1 (17)

The real or pairwise conjugate complex value
λ1, λ2, · · · , λn−1 are the desired eigenvalues of the slid-
ing mode dynamics on the planeS = CT x = 0. Where
λn can take any arbitrary value. In (19),λn is the re-
maining pole, is used to provide some stability margin
for the system by accelerating the reaching phase. The
sliding mode can be enforced in an unperturbed system
by:

u = −(ψ‖x‖ + δ)sign(S ) (18)

where,ψ is a finite positive value andδ an arbitrary pos-
itive value. The control tends to zero in the system with
asymptotically stable sliding modes. The design proce-
dures according to (14) is as follow:
1) the desired spectrum of the sliding motionλ1,
λ2,· · · λn−1 is chosen.
2) the equation of the discontinuity planeS = CT x = 0
is found to be:

CT = eT (A − λ1I)(A − λ2I) · · · (A − λn−1I) (19)

Now, state feedback SMC can be designed according to
(18).

3.3. State Feedback SMC for perturbed system

3.3.1. Matched Uncertainties
An arbitrary perturbed system can be designed by:

ẋ = Ax + B(u + f (t)) (20)

where, f (t) is the disturbance forces assuming that
| f (t)| ≤ f0 = Const and f0 is assumed to be known.
The control law is:

u = −M0sign(s), M0 = Const. (21)

The discontinuous controlu is designed to enforce
sliding mode in the sliding planes = 0. The values of
S andṠ should have different signs in some vicinity of
the plane. Due to the high switching function the system
not reach the plane ideally but shows undesired chatter-
ing behavior. Which occurred if the control take only
the two extremes values+M0 or −M0. Several meth-
ods were reported to reduce chattering. Some proposed
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modification in the discontinuous control law that in-
stead of forcing the states to remain on the sliding plane
S = 0, it will be allowed to remain within small bound-
ary layer around the plane. This is done by replacing the
sign function with sat function. In (20), adaptive fuzzy
dead-zone is introduced as another solution to solve the
problem of sign function discontinuity. The matched
uncertainties will be represented by a Sin-wave with
amplitude= 0.5 and frequency= 20[rad/sec]. The
control law according to (21) is designed for perturbed
system with matched uncertainties.

3.3.2. Mismatched Uncertainties
For the perturbed model of LDIP the state space rep-

resentation is represented as:

ẋ = Ax(t) + Bu(t) + f (x, t), y = Cx + Du, (22)

where, f (x, t) is the disturbances. It is considered that
the disturbancesf (x, t) is uniformly bounded with re-
spect to timet, and locally is uniformly bounded with
respect to statex.

f (x, t) = △Ax(t) + f (t) (23)

where,△A is the change in the state matrixA caused
by maximum payload variation. For this case the max-
imum allowable payload is 5.6 times the mass of the
second link or 2.30 times the nominal payload. While
f (t) is the matched disturbances and can be eliminated.
The inherent feature of SMC is to overcome this distur-
bances. However, the main target is to optimized SMC
law to overcome the mismatched type of disturbances.
For the system in (2), The mismatched uncertainties
represented byf (x, t) cause the system to violate the in-
variance condition. Designing a sliding mode controller
for such class of systems which dissatisfy this condition
has been widely discussed. Some approaches require
additional constraints before introducing a control law
for such systems (21; 22). While in (23) the chattering
effect may not included as an important issue in the de-
sign. In this paper the continuous control law proposed
by (16) is used in designing state feedback SMC. In this
control law the stability of the sliding plane and chatter-
ing elimination are considered important issues in the
design. It guarantees asymptotic stability even if the
system has mismatched uncertainties. For LDIP model
the invariance condition is violated by payload varia-
tions. Moreover, the uncertainties of most real systems
are not satisfying this assumption (24). Shyu (16) solve
this problem by introducing a continuous state feedback
sliding mode control law for the case of the mismatched
uncertainties. This control law considers two main as-
sumptions (Theorem 1):

1. There exists a known non-negative continuous.
function ρ(.) such that‖ f (x, t) ‖≤ ρ(x, t) where
‖ . ‖ denotes the standard Euclidean norm.

2. The pair (A, B) is controllable and the matrixB has
full rank.

The continuous control law which drives the state trajec-
tories of this system onto the sliding surface ’S (t) = 0’,
and the system remains on it thereafter can be described
as:

u(t) = −(CB)−1[CAx(t) + PS (t)] −

ρ(x, t)
µ(x, t)

‖ S T (t)CB ‖ (‖ µ(x, t) ‖ +εeαt)
(24)

where,P ∈ Rm×m, is a positive definite symmetric ma-
trix, ε, α > 0,

ρ(x, t) = ‖ S T (t)CB ‖ρ(x, t) (25)

µ(x, t) =
S T (t)CBρ(x, t)
‖ S T (t)CB ‖

(26)

The state trajectories will hit the sliding surfaceS =
CT x(t) = 0 subject to any initial condition. Therefore,
the system remains on the sliding plane ast → ∞. Fur-
ther details about theorem (1) proof can be found in
(16). The maximum allowable value for the payload
is 5.6 times the mass of the second link. The distur-
bance can be written as‖ f (x, t) ‖≤ 169.9415x(t). In the
control law (24), the sliding plane is asymptotically sta-
ble even the invariance condition is not satisfied. Which
means that the plane is insensitive with respect to the
disturbance. This conclusion lights up the method in-
troduced by Ackermann and Utkin to obtain the vector
CT in an explicit form without the sliding motion equa-
tion using Ackermann’s formula. Then the control law
(24) can be designed with a proper choice of controller
parametersP, ε andα.

4. Genetic Algorithms (GAs) Optimization

Like biological evolution, GAs as an optimization
technique are used in solving the constrained and un-
constrained optimization problems. The GAs start
with a population of solutions that is modified through
crossover and mutation operators. The algorithm ran-
domly selects individuals from the current population
which represents parents and generate the next gener-
ation; the children. This process is repeated for con-
secutive generations, till the population converges to an
optimal solution with respect to the objective function
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chosen. For instance in LDIP model, the sum of the
squared errors between the desired system response and
the actual response is chosen as the objective function.
Hence the optimization problem is a minimization of
the objective function. Individuals with higher fitness
values will have bigger chances for recombination and
consequently for generating offspring (25). GAs have
five major parameters to be determined (26):

1. Population size, which influences amount of search
points/solutions in every generation

2. Crossover probability, which influences the effi-
ciency of exchanging information. In general, the
crossover probability is chosen between 0.6 and 1

3. Mutation probability, which occurs with a very
small probability. The mutation probability is usu-
ally chosen as 0.01 or less. This value controlling
the probability of production and crossover

4. Chromosome length, which influences the resolu-
tion of the searching result

5. Maximum number of generations, which influ-
ences the searching time and searching result. GAs
with larger search space and less population size
need more generations to reach a global optimum .

The standard architecture of GAs illustrated in Fig.2.
For the Control law (18),(21) and (24) there are six

parameters that should be tuned in order to stabilize the
LDIP system with reasonable control effort. These pa-
rameters are:ψ,δ,M,P, ε andα. GAs as an intelligent
search technique sounds to be useful in defining their
optimal values in terms of an objective function. The
number of generations chosen is 100 with population
size of 5 individuals and 2 sub-population. Increasing
the number of generations or sub-populations over this
value is found not to add any improvement in this opti-
mization problem. However, these numbers have a re-
markable effect in improving the optimization quality
in general. The chosen objective function is the sum
of squared errors for the cart position and the two link
angles such that:

F = 1000∗ (Σez
2 + Σeθ

2 + Σeφ
2) (27)

The factor 1000 is a weighting factor to make the op-
timization process much more sensitive to small values
of error. The optimization process is carried out based
on ADAMS/Matlab co-simulation model.

5. Simulation Results

5.1. ADAMS Dynamic Modeling Software
Adams/Controls help in eliminating the need to write

complex equations of motion describing mechanical

Figure 2: The standard architecture of Genetic Algorithms

plants or complex models. ADAMS provides graphical
representation for modeling mechanical systems, con-
taining a variety of constraints and force types as well
as parts of arbitrary shape. ADAMS enables visualiz-
ing the results using animations and plotting that save
time and money specially in complex models. ADAMS
enables exporting 3-D mechanical systems from other
specialized softwares such Solidworks and Catia in or-
der to study alternative designs as ”virtual prototypes”
by simulating and comparing realistic motion behavior.
ADAMS is found to be useful for modeling the LDIP
system as it is not a complex mechanical model that
needs to be built in a specialized 3-D mechanical de-
sign software.

Matlab provides an effective tool for controlling
different systems. Co-simulation between these two
softwares facilitate building a virtual environment
for validating different control schemes. This en-
vironment is built by activating the control mod-
ules ’Adamas/Controls’ from the ’plug-in manager’ in
ADAMS. The input force in ADAMS is supplied from
MATLAB as a variable depending on the control archi-
tecture and the dynamic model of the system. ADAMS
Input/Output variables arez, ż, θ, θ̇, φ, φ̇ as outputs while
F, the control effort is the input. The co-Simulation se-
quence between ADAMS and MATLAB is:

• Build the mechanical model for the LDIP in
ADAMS

• Define the measurements:z,θ, φ, ż,θ̇, φ̇

• Define the input forceF as Matlab variable

• Choose form the Plug-in manger ”Adams/Control”
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• Determine the Input/output variables for ADAMS

• Export the model to Matlab

• Apply the control scheme in the co-simulation en-
vironment

The parameters of the loaded double inverted pendu-
lum found in table.I. The implementation of state feed-
back sliding mode control implies that all components
of a state vector have to be accessible for measurement.
However, this is not the case for many practical situa-
tions. To solve this problem a state observer to restore
the state vector using available measurements of some
states can be used. Some other techniques derive a class
of systems such that the control task can be solved by
designing an output feedback controller (27; 28; 14). In
ADAMS all states can be measured directly and then
exported to Matlab.

Co-simulation creates a feasible environment as a
real-time experiment. Which assist in relying the re-
sults and provides higher fidelity of the proposed opti-
mized control scheme. Moreover, co-simulation made
it easier for modeling and debugging systems in com-
parison with traditional design strategy of mathematical
methods. The linearized model of the double inverted
pendulum is used in designing the SMC while the vali-
dation of the optimized SMC is applied on the nonlinear
model established on ADAMS software.

5.2. Controller Design

To obtain the eigenvalues, LQR technique used to
get the optimal closed loop poles:

v =
∫ ∞

0
(xT Qx + uT Ru)dt (28)

where Q and R are the weighting matrices which
are selected based upon the desired level of
performance and permissible control energy
levels. The chosen values forQ and R are:
Q = diag(7200,36,900,252,18,36) R = 5.5

The obtained closed loop eigenvalues for LDIP system

are:

λ1 = −17.9326 λ2 = −14.5416
λ3 = −2.8461+ 1.6541i λ4 = −2.8461− 1.6541i
λ5 = −5.3130 The optimized parameters

of the sliding mode controller after optimization are
M = 92.7968,ψ = 0.3815,δ = 231.9672,P = 2.39347,
ε = 2.2943× (10)10 andα = 0.06969. The parameters
of the optimized state feedback sliding mode controller
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Figure 3: OSMC for unperturbed system using the discontinuous
function ’sign’; The cart position[m], first and second angles[rad]

and control effort at initial states
z = 0.1m , θ = 0.05rad ,φ = −0.03rad
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Figure 7: OSMC for unperturbed system: Cart position[m], firstand
second angles[rad] and control effort at initial statesz = 0.1m,

θ = 0.05rad, φ = −0.03rad

in the three cases assumed to be constant and not vary
when the payload is changed. This is just to verify
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Figure 4: Phase trajectory between each two states in unperturbed DIP
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Figure 5: Phase trajectory between each two states in perturbed DIP with matched uncertainties
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Figure 6: Phase trajectory between each two states in perturbed DIP with mismatched uncertainties

the robustness of the controller. In addition, the initial
states of the cart movement and the links’ angles are
kept constant at valueszint = 0.1m, θint = 0.05rad and
φint = −0.03rad with the load changes. For the control
laws (18) and (21), thesign function cause chattering
behavior to appear. Figure.3 show the chattering effect
which raise due to forcing the system to be in the plane
S = 0. Replacingsign with sat eliminate this problem.

Before investigating system performance under SMC
we shall discuss an important issue, stability of the
system under SMC for perturbed and unperturbed
systems, matched and under mismatched uncertainties.

Asymptotic stability means that the equilibrium is
stable, and that in addition, states starts close to 0
actually converge to 0 as timet −→ ∞.

Definition: an equilibrium point 0 is asymptotically
stable, and if it is stable, and if in addition there exist
somer>0 such that‖x(0)‖<r implies thatx(t) −→ 0 as
t −→ ∞ (29). Figures.4, 5 and 6 shows that the in the
three cases, the system can converge asymptotically to
zero in a finite time. In OSMC for the unperturbed sys-
tem, the maximum overshoots % and settling timesec
are listed in table.2. Figure.7 show the Cart position[m],
first and second angles[rad] and control effort at initial
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Figure 8: OSMC for perturbed system with matched uncertainties (a)
the Cart position[m], first and second angles[rad] and control effort at

initial statesz = 0.1m , θ = 0.05rad ,φ = −0.03rad (b) Sin-wave
disturbance ofAmp = 1 and f requency = 20[rad/sec]

statesz = 0.1m, θ = 0.05rad, φ = −0.03rad. In the
case of perturbed system with matched uncertainties,
the maximum overshoots % and settling timesec are
listed in table.3. Figure.8 show the Cart position[m],
first and second angles[rad] and control effort at initial
statesz = 0.1m, θ = 0.05rad, φ = −0.03rad. The

Table 2: Overshoots and settling time for unperturbed system

overshoots% Settling Time(tss)

z% θ% φ% tss(z)sec tss(θ)sec tss(φ)sec

14.9% 10.7% 5% 3.3sec 2.8sec 2.5sec

LDIP model subjected to a sin-wave disturbance of
Amp = 0.5 and f requency = 20[rad/sec]. When the
states reach the sliding plane, the disturbance had no
effect. Satisfying the invariance condition guarantees
that the controller’s behavior is only determined by
the sliding surface parameters and not influenced by
uncertainties or disturbance.

At different payloads, the controller show robustness
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Figure 9: OSMC for perturbed system with mismatched
uncertainties: Cart position[m], first and second angles[rad] and

control effort at initial statesz = 0.1m , θ = 0.05rad ,φ = −0.03rad
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Figure 10: OSMC for perturbed system with mismatched
uncertainties at the nominal payload and at the maximum payload

variation: Cart position[m], first and second angles[rad] and control
effort at initial statesz = 0.1m , θ = 0.05rad ,φ = −0.03rad,

and maintains the stability. Based on the design of
optimized SMC for perturbed system with mismatched
uncertainties presented in Section.3.3.2. The controller
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Table 3: Overshoots and settling time for perturbed system with
matched uncertainties

overshoots% Settling Time(tss)

z% θ% φ% tss(z)sec tss(θ)sec tss(φ)sec

14.9% 10.3% 5% 3sec 2.1sec 3sec

Table 4: Overshoots and settling time for perturbed system with
mismatched uncertainties

overshoots% Settling Time(tss)

z% θ% φ% tss(z)sec tss(θ)sec tss(φ)sec

14.9% 10.7% 5% 3.3sec 2.8sec 2.5sec

still showing a robustness against payload variation
in spite, the applied payload variation is 2.30 times
the nominal payload. The maximum allowable pay-
load is 0.9975kg and the mass moment of inertia is
0.00014kg.m2. In the case of perturbed system with
mismatched uncertainties the maximum overshoots %
and settling timesec are listed in table.4. In the three
cases, the control effort is less than±47N. Figures.9
and 10 show the output responses and the control effort
for the perturbed LDIP in the case of nominal payload
and at maximum payload variation in comparison
with nominal payload respectively. By investigating
the sliding surface Fig.11 in the case of OSMC for
perturbed system with mismatched uncertainties we
found that the optimized controller suppress chattering
effectively. It seems from results that the OSMC
which presented for unperturbed system and perturbed
system with matched and mismatched uncertainties is
effectively removes chattering with small control effort
as possible. In addition, using GAs confers optimality
to the algorithm as well guaranteeing minimum squared
error.

5.3. Optimization Process Repetition

In the optimization process, the initial values for the
parameters of the controller are set arbitrary. The op-
timized parameters can be used as the initial values for
more optimization process. Therefor, the repetition of
the optimization process has been discussed. In this
stage, the repetition over five optimization process has
been studied. In each process, the optimized values ob-
tained for the parameters from the previous process are
used as the initial values for the next one.

The output of this process is a data set for each pa-
rameter. This values are listed in the table.5. To further
describe these data sets, measures of spread or disper-
sion are employed. One of the most commonly used
measures is standard deviation. This value gives infor-
mation on how the values of the data set are varying
or deviating from the mean value. As some values are

Table 5: Double Inverted Pendulum Model Parameters

The parameter 1st 2nd 3th 4th 5th

ψ 0.3815 0.3399 0.3339 0.38147 0.350

δ 231.9672 230.39 234.86 231.418 234.01

M 92.7968 93.494 93.221 91.0495 92.0627

P 2.39347 2.814724 2.5915 2.2598 2.857667

ε 2.2943∗ 109 1.315226∗ 109 2.031∗ 109 2.81579∗ 109 1.36341∗ 109

α 0.06964 0.063115 0.05224 0.066797 0.066184

less than the mean, negative deviations will result, and
for values greater than the mean positive deviations will
be obtained. By simply adding the values of the devi-
ations from the mean, the positive and negative values
will cancel to result in a value of zero. By squaring each
of the deviations, the problem of positive and negative
values is avoided. There are two common definitions
for the standard deviations of a data vectorX.
The first form:

s =

√

√

1
n − 1

n
∑

i=1

(xi − x)2 (29)

The second form:

s =

√

√

1
n

n
∑

i=1

(xi − x)2 (30)

where,

x =
1
n

n
∑

i=1

xi (31)

wheren is the number of elements in the sample. The
two forms of the equation differ only in n1 versusn
in the divisor. The value of the standard deviation for
the parametersψ, δ, M, P, ε andα are listed in table.6
Repeating the optimization process improves the over-

Table 6: Double Inverted Pendulum Model Parameters

The parameter Standard deviation

ψ 0.0228
δ 1.8542
M 0.9859
P 0.2596
ε 6.3654108

α 0.0068

all performance of the controller in the two case: un-
perturbed SMC and for the perturbed system with mis-
matched uncertainties. Further tries were done to reduce
the value ofP. However, this value has a considerable
effect in stabilizing the LDIP in the case of mismatched
uncertainties. Figures 13, 12 and 14 shows the effect of
repeating the optimization process. The perturbed sys-
tem with matched uncertainties seems to to be improved
by repeating the optimization process.
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mismatched uncertainties at initial states
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Figure 12: Repeated optimization process for unperturbed system at
initial statesz = 0.1m , θ = 0.05rad ,φ = −0.03rad

6. Conclusion

This paper presents a methodological approach to
design a state feedback sliding mode controller for
class of unperturbed system and perturbed system with
matched/mismatched uncertainties where the controller
parameters are optimal tuned through the use of Genetic
Algorithms. ADAMS/Matlab co-simulation environ-
ment is used in validating the proposed control scheme.
For control design purposes, the nonlinear model is lin-
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Figure 13: Repeated optimization process for perturbed system with
matched uncertatinties at initial states
z = 0.1m , θ = 0.05rad ,φ = −0.03rad
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Figure 14: Repeated optimization process for perturbed system with
mismatched uncertainties at initial states
z = 0.1m , θ = 0.05rad ,φ = −0.03rad

earized with parameters which vary within definite lim-
its. Simulation results obtained from ADAMS/Matlab
co-simulation affirm the robustness of the optimized
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sliding mode controller against payload variations and
effectively removes chattering. The virtual environment
that built by ADAMS assists relying on the results. The
asymptotic stability is guaranteed with the existence of
disturbances. As a future work, the proposed control
technique will be applied to a real system for which
sliding mode observer will be designed to estimate the
states. A comparison between the proposed optimized
state feedback sliding mode controller and other tech-
niques will be investigated.
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