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Selve the fellewing (thiee) questions.

First Question:

1) Define: least upper bound, greatest lower bound, countable set,
convergent sequence, bounded sequence, Cauchy sequence, continuous

function.
2) Show that if E and F are bounded subsets of R and E C F , then
inf F <inf E <sup E <sup F.
3) Prove that every convergent sequence is bounded.
4) Every convergent sequence is a Cauchy sequence.

5) Show that any constant function f (x) = c , is integrable on any interval

[a,b].

Second Question:

1) Prove that a uniform limit of a sequence of continuous functions is also

CONLINUOUS.



2) Define: upper Darbaux sum, lower Darboux sum, Riemann integrable

function.
3) Show that for a bounded function f(x) on an interval [a,b], if the

partition P* is finer than the partition P, then
L(f,P)<SL(f,P)<U(f,P)<U(f,P).

4) Study the convergence of he sequence {f,(x)} = {1;} of functions on
+nx

the interval [0,1].

Solutions

First Question:

1) least upper bound
A least upper bound of a subset E R is a real number o , called supE =

if

1- a2 Xx forall xe E

2- foralle >0 dx, s.t.x |, >a—¢.

greatest lower bound,
A greatest lower bound of a subset E R is a real number f3, called

inf £ =8, if
1- B<x forallxeE

2- foralle >0 3 x, s t.x

<p+e

countable set
A set E is called a countable set if there exists a one to one corresponding

between E and the set of natural numbers N.

convergent sequence,
A sequence {x,} is called a convergent sequence if there exist a real number

x, € R such that limx, =x, ie.
n—>0

Ve>0 3dn,eN suchthat n=>n, = <e.

xn _‘xo

A\t



bounded sequence,
A sequence {x,} is called a bounded sequence if there exist a real number

M eR such that |x,|<M, VneN

Cauchy sequence,
A sequence {x,} is called a Cauchy sequence if .

Ve>0 3In,eN such that xn—xm‘<8 Vnm >n,.

continuous function.
A real valued function f(x) is continuous at a point x, if

lim £(¥) = /(x,) e
Ve>0 30(e)>0 suchthat ‘x—xo

<é&

<S=[f(0)-1(x,)

2) if E and F are bounded subsets of R and E C F , then

e inf F=f,=p.<x VxeF
EcF=p.,<x VxeE
= By is a lower bound of E

= B, <inf E --- (1)
o We know that for a bounded set E:
inf £ <sup £ -(2)

e sup FF'=a,=a,2x Vxefl
EcF=a.2x Vxek
= a, is an upper bound of E
=a, >sup E - (2)
From (1), (2) and (3), we get
inf F<inf E<supE <supF.  ***

3)



e et {x ! be a convergent sequence to a real number x,, then

Ve>0 3dn, €N suchthat ‘xn—x0‘<8 Vnzn,

for e=1=|x —x,|<] Vnzn,
= x,|—|x, an—x0‘<1 Vnzn,
=x,[<1 +x,| Vazn, e (1)
e [ts clear that
x| <max{x|, i=123,..n1 | Vi<n, — e (2)

(1) and (2) :‘xn‘ﬁ{maxﬂxi, i=123,...,n,-1 },1 —I—‘xo‘ } VneN

= {x } be a bouunded sequence.

4)
Let {x_ } be a convergent sequence to areal number x , then

=>Ve>0 In, e N such that

€
X,—X,|<= Vnzn,
2

&V e>0 In, e N such that ‘xm—xo

&
<5 VmZno.

=|x, —xm‘z X,—XxX,+Xx, —xm‘
<|x,—x, +‘xm -X,
€ ¢
<—+—=¢
2 2

= {x,}1s a Cauchy sequence.

5) Under any partition P = {a = x, < x, < ... < x, = b} of any interval
[a,b], we have



M, = sup{f(x):xl._1 <x<x}=c

m, =inf{f(x).x,_ <x<x}=c

U(f.P) = Zn:MiAxi =c(b-a)
- i=1

L(fP)= Zn: m.Ax, =c(b—-a)

= U(fP)=L(f.P)=c(b—a)

= f(x) 1s Riemann integrable function

= Rif(x)dx =c(b—a)

Second Question

1) Let {f,(x)} be a sequence of continuous functions on the same

domain D which converges uniformaly on D to a function f(x).

Let x, € D be arbitrary.

o f () —ermely sy fix) as n —> o0)

=V ¢>0 dn,(eceN s.t.nzn, = fn(x)—f(x)|<§ Wt 2 D) e 1)
=Y e>0 = |1, ()= fix, ] <5 - (2)

"+ f,,(x) s continuous at the point x,

=V £>035,(6)>0 s.t|x—x| <6= |f, ®-/,&,) <§ ............... (3)

(1),(2) & (3), we have
Ve>039,(.)>0 st |x—xo

= |10~ fix, )| = |09 £, (0 + £, )= . (5, )+, (5,) = &,

<o

< |00 = £, 0| +| £, 00— £, 66, )|+ |, 05,0 - S5,
_E,8,¢
3 3 3

=&

Hence, f(x) is continous at any point of the domain D.



2) upper Darbaux sum, lower Darboux_ sum,

Let f(x) be a bounded real valued function on [a,6]. Under any partition
P={a=x,<x, <..<x,=>b}of aninterval [a,b], we define:
M.:= sup{f(x):xl._1 <x< xl.}
m,:=inf{f{x):x,_, <x<x,}

U(f.P): =Y M Ax,
— i=1

L(fP) = Zn:mizlxi
i=1

U(t,p):upper Darbaux sum
L(f,P): lower Darbaux sum

Riemann integrable function.
Let f(x) be a bounded real valued function on [a,6]. A function f(x)is
called Riemann intagrable if

il’})f U(f-P) =sup L(f.P)
P

= Rjif(x)dx = il})f U(.P)

3) Without loss of generality we may consider that the partition P*, finer

*
than the partition P, has exactly one point X more than P .



Letx, <x <x,
e U(fP )SU(fP) ?
Let M. :=sup {f(x).‘xl._1 <x< x*}

*

M := sup{f(x):x* <x< xl.}
=>M; <M, & M <M,
= UOF-P) _UOF-P*) = Mi(xi _XH)_M:(X* _xifl)_Mi**(xi _x*)

= (Mi_Mi*) (X* _xi—1)+ (Mi_Mi**) (xi —x*)Z 0

= U(f.P)>U{fP") (1)
o Similarly, we can verify that
L(fP)<L(fP") (2)

(1) & (2)= L(P)<L(fP")<UFf.P )< U(fP).

1

4) The sequence U (X)) = {1 T nx } of functions on the interval

[0,1] is pint-wise convergence sequence.

o For x=0 :{ﬁl(x)}z{ﬁ}—{l} --------- £1)

X

o For0<x<1 =lm{f (x)}=h —}:0 ----- <2)
0 o 14+-nx

' 1 for x=0
(V&)= }lg{ﬁ’(x)}: Jo= {0 for0<x<l1

={f,(x)} conveges pantwise to f)
e f(x) is nt continaus and byheorem

= the convegence of fl(x)} is nounifornconvergencto f(x)  ****
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