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Solve the following (three) questions.  

First Question:  

1) Define: least upper bound, greatest lower bound, countable set, 

convergent sequence, bounded sequence, Cauchy sequence, continuous 

function.  

2) Show that if E  and  are bounded subsets of F R    and  , then                 FE ⊆

.supsupinfinf FEEF ≤≤≤     

3) Prove that every convergent sequence is bounded.   

4) Every convergent sequence is a Cauchy sequence. 

5) Show that any constant function cxf =)( , is integrable on any interval 
[a,b].  

 

Second Question:  

1) Prove that a uniform limit of a sequence of continuous functions is also 

continuous.  
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2) Define:  upper Darbaux sum, lower Darboux sum, Riemann integrable 

function.   

3) Show that for  a bounded function  on an interval [a,b], if the 

partition 

)(xf

∗P  is finer than the partition , then   P

                                        ).,(),(),(),( * PfUPfUPfLPfL ≤≤≤ ∗
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Solutions   
First Question:    

1) least upper bound   
A least upper bound of a subset is a real number RE ⊆ α , called α=Esup , 
if     
                  1-  x≥α  for all Ex∈  
                 2-  for all εα s. t. x x ε oo −>∃> 0 .   
 
 greatest lower bound, 
A greatest lower  bound of a subset is a real number RE ⊆ β , called 

β=Einf , if    
                   1-  x≤β  for all Ex∈  
                   2-  for all ε s. t. x x ε oo +<∃> β0  
 
countable set, 
A set E is called a countable set if there exists a one to one corresponding 
between E and the set of natural numbers N.     
 
 
 convergent sequence, 
 A sequence  is called a convergent sequence if there exist a real number }{ nx

Rxo ∈  such that onn
xx =

∞→
lim  i.e. 

ε.xxnthat   nsuchN  n   ε onoo <−⇒≥∈∃>∀      0  
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bounded sequence,  
A sequence  is called a bounded sequence if there exist a real number }{ nx

 such that N nM,    xn ∈∀≤  RM ∈

 
Cauchy sequence, 
A sequence  is called a Cauchy  sequence if . }{ nx

.nn,m ε    xx that  N     such n   ε omno ≥∀<−∈∃>∀ 0  
 
 continuous function.  
A real valued function   is continuous at a point if  )(xf ox

)()(lim oxx
xfxf

o

=
→

 i.e. 

.xfxfxxthat   such    ε oo εδεδ <−⇒<−>∃>∀ )()(     0)(0  
 
2) if E  and  are bounded subsets of F R    and  , then    FE ⊆
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4)  

 sequence.Cauchy  a  is }{x
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5) Under any partition }{ 1 bxxxaP no =<<<== K of  any interval 

[a,b], we have  
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Second Question 

1) Let {  be a sequence of continuous functions on the same 
domain D which converges uniformaly on D to a function .  
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2) upper Darbaux sum, lower Darboux sum,  

 
Let be a bounded real valued function on [a,b]. Under any partition )(xf

}{ 1 bxxxaP no =<<<== K of  an interval [a,b], we define: 
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 Riemann integrable function.   

Let be a bounded real valued function on [a,b]. A function is 
called Riemann intagrable  if  
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3) Without loss of generality we may consider that the partition ∗P ,  finer 

than the partition P , has exactly one point more than ∗x P . 
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4) The sequence 
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 انتهت الإجابة 
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