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First Question:

Decide whether each of the following statements is true or false. Justify your
answer (by providing a proof, a counter example, a correction, an
interpretation):

1) Countable union of countable sets is also countable

2) The sum of two convergent sequences is also convergent sequence.

3) Every bounded sequence is convergent.

4) The rational number system Q is complete.

5) Any constant function f (x) = ¢, is integrable on any interval [a,b].

6) The uniform convergence of a sequence of functions {f, (x)} is stronger
than its pointwise convergence.

Second Question:

1) Define: least upper bound, greatest lower bound, countable set,
convergent sequence, bounded sequence, Cauchy sequence, continuous
function.

2) Let{a,} and {b;}, 1=1,2,...,n be real numbers. Then,

sup(a, +b,) <sup(a,) +sup(b,) .

)



3) Ewvery convergent sequence is a Cauchy sequence.
4) Prove that every convergent sequence is bounded.

Third Question:

1) Prove that a uniform limit of a sequence of continuous functions is also
CONtINUOUS.
2) Define: upper Darbaux sum, lower Darboux sum, Riemann integrable

function.
3) Show that for a bounded function f(x) on an interval [a,b], if the

partition P* is finer than the partition P, then
L(f,P)<L(f,P)<U(f,P)<U(f,P).

4) Study the convergence of he sequence {f,(x)} = {l;} of functions on
+nx

the interval [0,1].

Solutions

First Question:

1) Countable union of countable sets is also countable  (True):
Let {X,} be accountable collection of countable sets, then each of these can
be written as a sequence:



X=X, X 35X greeeeen }

X=X, X3, X 04 eevenee /
X3 =%, X0, X33, X5 veeee }
X =1%,0%0,X 43X e }
XD =1%,0X,5,X,3,X, 4 }

= X:= UXn = X011, X102, X103, X 00, X3, X1 X3, X3, X g /
neN

= X = UX , written as a sequence.
neN

= X:= UX , is countable set.

neN

2) The sum of two convergent sequences is also convergent sequence. (True):

Let lim x, =x, and lim y, =y, then

n—>0 n—>0

=>Ve>0 3In eN suchthat

€
X,—x,|<= Vnzn
2

& Ve>0 3In, e N suchthat |y, -y,

€
<— Vnzn,
2

X —X

n o

€
<§ Vnzn,
Forn,:=max{n, n,}=

YV, =Y, <§ Vnzn,

<

+

=|x, +y,)-(x, +»,)| <|x, —x,

Y= Yo

L =p= Vnzn,
2 2

<eg Vnzn,

= |6, +v,)=(x, +7,)
= {x, +y, }is a convergence sequence.

3) Every bounded sequence is convergent.  (False:)

Since {(—1)" }= {L-LL-1L1,-1,...} isa bounded sequence
(‘xn‘ <IVneN)
1 if n even

: . (lim(~1)" = .
but is not a convergent seq (ngngo( ) {_ { 1 odd

v



4) The rational number system Q is complete.  (False:)
Since the sequence {(1 + l) } is a Cauchy seq. in Q, but is not convergent
n

seq. to a point in Q[lim(l +l) =e¢Q]
n—>0 n

5) Any constant function f(x) = ¢, is integrable on any interval [a,b].
(True:)

Under any partition P = {a = x, < x, < ... < x, = b} of any interval
[a,b], we have

M, =sup{fix):x, <x<x}=c

m, =inf{f(x):x,, <x<x}=c

U(f.P) = Zn:MiAxl. =c(b—-a)
= i=1

L(f.P) = Zn:ml.Axi =c(b-a)

= U(fP)=L(fP)=c(b—-a)
= f(x) is Riemann integrable function

= Rjzf(x)dx =c(b-a)

6) The uniform convergence of a sequence of functions {f, (x)} is stronger
than its pointwise convergence. (True:)

Since the uniform convergence of a sequence of functions implies its
pointwise convergence.

Second Question:

1) least upper bound
A least upper bound of a subset E R is a real number o , called supE = «,

if

1- a2 x forall xeE
2-foralle >0 3 x, s.t.x ,>a—c¢.

¢



greatest lower bound,
A greatest lower bound of a subset E — R is a real number j3, called

infE =8, if
1- B<x forallxeE
2-foralle >0 3 x,s.t.x , < B +e¢

countable set
A set E is called a countable set if there exists a one to one corresponding
between E and the set of natural numbers N.

convergent sequence,
A sequence {x,} is called a convergent sequence if there exist a real number

x, € R such that imx, =x, i,

n—»0

Ve>0 dn,eN suchthat n2n0:>‘xn—xo

<é.

bounded sequence,
A sequence {x,} is called a bounded sequence if there exist a real number

M € R such tﬁat_|xn|£M, VneN

Cauchy sequence,
A sequence {x,} is called a Cauchy sequence if .

Ve>0 3In,eN such that ‘xn—xm‘<8 Vnm =n,.

continuous function.
A real valued function f(x) is continuous at a point x, if

lim f(x) = f(x,) ie
Ve>0 30(e)>0 suchthat ‘x—xo‘<5:>‘f(x)—f(xo)

<é&

2) Let{a,} and (b}, 1=1,2,...,n be real numbers. Then,
sup( a, +0b,) <sup( a,)+sup( b,) . (True):



Let sup{a,}=a and sup{b,}=f, then
az a, and p=b  for i=12,..,n
=a+p2a+b fori=12,..n
= a+ f is an upper bound of {a, +b,
= a+f=supfa, +b,}
= sup(a, +b, ) <sup(a,)+sup(b,) **x**

3)
Let {x , } be a convergent sequence to areal number x , then

=Ve>03In, e N suchthat

€
X,—x,|<— Vnzn,.
2

&Ve>0 In, e N such that ‘xm—xo

&
<5 VmZnO.

=|x, —xm‘z‘xn —x0+xo—xm‘
<|lx,—x, +‘xm - X,
g ¢
<—+—=¢
2 2

= {x,}1s a Cauchy sequence.
4)

o Jet {x, } be a convergent se quence to a real num ber x ,, then
Ve>0 dn,e N such that

X, —x|<& Vnzn,

for 8=1:|xn—x0|<1 Vnzn,

:>|xn|—x0£|xn—xo|<1 Vnzn,
=x,|<1 +x,| VnrZ2Zn, - (1)
o [ts clear that
x,|<max{) i=123,.n,-1 ) Va<n, — oo (2)

(1)and (2) = |xn| < {maxﬂxi ,i=123,...,n,-1 },1 +|x0| } VneN

= {x } be a bouunded sequ ence.




Third Question

1) Let {f,(x)} be a sequence of continuous functions on the same

domain D which converges uniformaly on D to a function f(x).

Let x, € D be arbitrary.

o f () ey fix) as n —> o)

=V e>0 dn,(eceN s.t.nzn, = fn(x)—f(x)|<§ Wt 2 D) e 1)
=Y e>0 = |1, ()= fix, ] <5 - (2)

"o f,,(x) is continuous at the point x,

=V £>035,()>0 s.t|x—x| <6= |f, ®-/,&,) <§ ............... (3)

(1),(2) & (3), we have
Ve>039,(.)>0 st |x—xo| <0

= | /o)~ fix, )| = ‘f(x)— S0+ 1, @)= 1, (x,)+ 1, (x,) = fix,)

< |00 = £, 0| +| £, 00— £, 66, )| |, 05,0 - S5,
_E,8,¢
3 3 3

=&

Hence, f(x) is continous at any point of the domain D.

2) upper Darbaux sum, lower Darboux_ sum,

Let f(x) be a bounded real valued function on [a,6]. Under any partition
P={a=x,<x, <..<x,=>b}of aninterval [a,b], we define:
M.:= sup{f(x):xl._1 <x< xl.}
m,:=inf{f{x):x,_, <x<x,}

U(fP): =Y M, 4x,
— i=1

L(f.P) = Zn:mizlxi
i=1

U(t,p):upper Darbaux sum
L(f,P): lower Darbaux sum



Riemann integrable function.
Let f(x) be a bounded real valued function on [a,b]. A function f(x)is
called Riemann intagrable if

il’}l)f U(f.P) =sup L(f.P)
P

= R'[ff(x)dx = ir})f U(.P)

3) Without loss of generality we may consider that the partition P*, finer
than the partition P, has exactly one point X " more than P .
Letx, <x <x,
e UfP )<UFfP) ?
Let M. :=sup {f(x):xi_1 <x<x’ }
M= sup{f(x).'x* <x< xl.}
=>M; <M, & M <M,
=U{fP)-UFfP )=M(x,—x,_ )—-M (x —x_)-M. (x,—x )
= M-M;)x —x_ )+ M-M.") (x,—x )>0

= U(fP)>U({P") (1)
o Similarly, we can verify that
L(fP)<L(fP") (2)

(1) & (2)= L(P)<L(fP")<U{f.P )< U(fP).

1
4) The sequence ()} = {1 T x } of functions on the interval

[0,1] is pint-wise convergence sequence.



o Forx=0 :>{fn(x)}={ﬁ}={l} ————————— £1)

n—o | |+ nx

o For0<x<1 :>}li_r£{ﬁ1(x)}=lim{ ! }=O ————— €2)

‘ 1 for x=0
(&)= linff, ()}~ fx):= {0 P

={f (x)} conveges pantwise to )
® f(x) is ot continaus and byheorem

=the convegence off](x)} is nounifornconvergeneto f(x)  ****
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