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  :الأسئلة
Solve the following (three) questions.  

First Question:  

Decide whether each of the following statements is true or false. Justify your 
answer (by providing a proof, a counter example, a correction, an 
interpretation): 

1) Countable union of countable sets is also countable 
2) The sum of two convergent sequences is also convergent sequence.  
3) Every bounded sequence is convergent.  
4) The rational number system Q  is complete.  
5) Any constant function cxf =)( , is integrable on any interval [a,b].  
6) The uniform convergence of a sequence of functions is stronger 

than its pointwise convergence.  
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Second Question:  

1) Define: least upper bound, greatest lower bound, countable set, 
convergent sequence, bounded sequence, Cauchy sequence, continuous 
function.  

2) Let and , i=1,2,…,n be real numbers. Then, }{ ia }{ ib
)sup()sup()sup( iiii baba +≤+  . 
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3) Every convergent sequence is a Cauchy sequence. 
4) Prove that every convergent sequence is bounded.   
 

Third Question:  

1) Prove that a uniform limit of a sequence of continuous functions is also 
continuous.  

2) Define:  upper Darbaux sum, lower Darboux sum, Riemann integrable 
function.   

3) Show that for  a bounded function  on an interval [a,b], if the 
partition 

)(xf
∗P  is finer than the partition , then   P

                                        ).,(),(),(),( * PfUPfUPfLPfL ≤≤≤ ∗

4) Study the convergence of he sequence 
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Solutions   
First Question: 

 
1) Countable union of countable sets is also countable      (True): 
Let be accountable collection of  countable sets, then each of these can 
be written as a sequence:  
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2) The sum of two convergent sequences is also convergent sequence. (True): 
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3) Every bounded sequence is convergent.     (False:)  
 
Since { } },1,1,1,1,1,1{)1( K−−−=− n  is a bounded sequence 
( Nn   1 ∈∀≤nx )  

but is not a convergent seq. ( ). 
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4) The rational number system Q  is complete.     (False:) 
 

Since the sequence 
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5) Any constant function cxf =)( , is integrable on any interval [a,b].  

(True:) 
 
Under any partition }{ 1 bxxxaP no =<<<== K of  any interval 
[a,b], we have  
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6) The uniform convergence of a sequence of functions is stronger 

than its pointwise convergence.    (True:) 
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Since  the uniform convergence of a sequence of functions implies its 
pointwise convergence. 
 
 

Second Question:    
1) least upper bound   
A least upper bound of a subset is a real number RE ⊆ α , called α=Esup , 
if     
                  1-  x≥α  for all Ex∈  
                 2-  for all εα s. t. x x ε oo −>∃> 0 .   
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 greatest lower bound, 
A greatest lower  bound of a subset is a real number RE ⊆ β , called 

β=Einf , if    
                   1-  x≤β  for all Ex∈  
                   2-  for all ε s. t. x x ε oo +<∃> β0  
 
countable set, 
A set E is called a countable set if there exists a one to one corresponding 
between E and the set of natural numbers N.     
 
 
 
 
 
convergent sequence, 
 A sequence  is called a convergent sequence if there exist a real number }{ nx

Rxo ∈  such that onn
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∞→
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bounded sequence,  
A sequence  is called a bounded sequence if there exist a real number }{ nx

 such that N nM,    xn ∈∀≤  RM ∈

 
Cauchy sequence, 
A sequence  is called a Cauchy  sequence if . }{ nx

.nn,m ε    xx that  N     such n   ε omno ≥∀<−∈∃>∀ 0  
 
 continuous function.  
A real valued function   is continuous at a point if  )(xf ox
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2) Let and , i=1,2,…,n be real numbers. Then, }{ ia }{ ib

)sup()sup()sup( iiii baba +≤+  .     (True): 
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3)  

 sequence.Cauchy  a  is }{x
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Third Question 

1) Let {  be a sequence of continuous functions on the same 
domain D which converges uniformaly on D to a function .  

})(xfn

)(xf

main D.  of the doy ponous at an) is contiHence, f(x
ε                             

εεε                          

 )f(x)(xf)(xf(x)f(x)ff(x)                            

)f(x)(xf)(xf(x)f(x)ff(x))f(xf(x)

δ xx  s. t. )(εδ    ε 
e ) , we hav) & (),((

)-(---- -----     -----ε)(xf(x)f δ xx  s. t. )(εδ    ε

 x the potinuous at(x) is con f

)---(-------------- -- ------------     -----ε)f(x)(xf      ε

) --------(D  -------x   εf(x)(x)f  nN  s. t. n(εεn    ε

) nf(x)   as (x) f

rary. D be arbitLet x

oononnn

oononnno

on

onnon

on

oon

noo

uniformaly
n

o

oooo

oooo

o

ooo

o

o

int

333

0 0
321

3
3

0 0

int

2
3

0

1
3

0

=

++=

−+−+−

−+−+−=−⇒

<−>∃>∀

<−⇒<−>∃>∀⇒

<−⇒>∀⇒

∈∀<−⇒≥∈∃>∀⇒

∞→⎯⎯⎯ →⎯

∈

p

Q

Q

 
 
 

2) upper Darbaux sum, lower Darboux sum,  
 

Let be a bounded real valued function on [a,b]. Under any partition )(xf
}{ 1 bxxxaP no =<<<== K of  an interval [a,b], we define: 
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 Riemann integrable function.   

Let be a bounded real valued function on [a,b]. A function is 
called Riemann intagrable  if  
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3) Without loss of generality we may consider that the partition ∗P ,  finer 

than the partition P , has exactly one point more than ∗x P . 
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4) The sequence 
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 انتهت الإجابة 
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